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1 The Erlang C model

The Erlang C queueing model describes a service system with exponentially distributed inter-arrival
times with an arrival rate of A > 0, exponentially distributed service times with a service rate of
> 0 and ¢ € N operators at the service desk. The arriving customers form a queue in front of the
service desk. Each time an operator gets idle, the customer who has waited for the longest time will
be routed to the free operator (FIFO queueing discipline; first-in-first-out), see figure 1.
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Figure 1: Erlang C queueing model

The long-run utilization of the system is

pi=—".
cp

The system can only operate stably in the long term if p < 1 (the long-run arrival rate is lower than
the available workforce).

The following indicators are usually of interest:

e P(W < t): probability for a new arriving customer to have to wait no longer than ¢ > 0 seconds
(Erlang C formula),

e E[W]: average waiting time,
e E[V]: average residence time,
e E[Ng]: average number of customers in the queue,

e E[N]: average number of customers in the system.
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2 Idea for calculating P(WW < t)

The idea for calculating the customer’s waiting time distribution P(W < t) (the probability that the
customer has to wait at most ¢ > 0 seconds) is to determine the waiting time probability distribution
for all possible states in which the system can be and to weight these times with the probability that
the system is in the respective state. This leads to the formula:

P(W <t) Z (e (W < 1) - py (1)

where p,, in the probability that there are n customers in the system and P, (W < t) is the
probability for a new customer to have to wait ¢ or less seconds in the case the service rate is u > 0
and there are m customers that will have to be served to the end before the new customer’s service
process starts. For m = 0 the new service process will start immediately (P, o(WW < t) =1 for all
t > 0) and for consistence we assume the same for m < 0.

Case n > c:

If there are n < ¢ customers in the system, a newly arriving customer can be served immediately, as in
this case not all operators are currently busy. If n > ¢, one or more already running service processes
has to end first, and then any customers who were already waiting before the newly arrived customer
must be served before the newly arrived customer can be served. A distinction must therefore be
made between the service times of customers whose service has yet to begin and the remaining service
times of customers who are already in the service process. However, since the Erlang models uses
the exponential distribution for the service times, these two time durations are subject to the same
probability distribution with the same parameter. This is due to the memorylessness of the exponential
distribution. (This property of the exponential distribution will be proofed below in section 3).

Case n < ¢

For n < ¢ customers in the system, the probability that a newly arriving customer will have to wait
less than t > 0 seconds is always 1 for all t > 0 (the newly arriving customer does not have to wait
at all). This means we have P, ,,_(._1)(W <t) =1 forn < cand for all > 0 and formula (1) can
be simplified to:

P(W <t) Epn“‘Z n—(c—1) (W < 1) - pp . (2)

n=0

Since P, ;,—(c—1)(W < t) represents the sequential execution of several exponential distributions (and
thus is an Erlang distribution, see section 5) and p,, is the probability that the corresponding Markov
chain is in state n, the following sections will present results on exponential distributions (section 3),
Erlang distributions (section 5), and birth-and-death processes (section 6), which will ultimately allow
us to calculate formula (2) in section 7.

3 Exponential distribution

Since the inter-arrival and the service times are distributed due to the exponential distribution in an
Erlang model, we will need some results for the exponential distribution which will be presented and
proofed here.

Definition 1 (Probability density function of the exponential distribution). The function

Ae ™M x>0

@) ::{ 0, <0



with X\ > 0 is called the probability density function of the exponential distribution.

Theorem 1 (Cumulative distribution function of the exponential distribution). The function

l—e ™ >0,
F*(x)‘:{ 0 z <0

is the cumulative distribution function of the exponential distribution with probability density function
IBY (.1‘), A> 0.

Proof. According to the definition of the cumulative distribution function F(z) := [*__ f(t) dt holds:
SN ik A A
F)\(:v):/ e Mdt = [—e_ t} =—eM—(-1)=1—e""
0 t=0
for £ > 0 and F)(z) = 0 else. O

Theorem 2. The function fx(x), A > 0, is the probability density function of a probability distribution,
i.e. fa(xz) =0 and [%_ fa(z)de =1

Proof. The proposition fy(z) > 0 follows directly from the definition of f)(x). The previous theorem
gives us:

/ fA(t) dt = li_>m Fy(z)= lim 1— e M = 1.

T—00

O

Theorem 3 (Indicators of the exponential distribution). For an exponential distribution with param-
eter A > 0, the following holds:

1. B[X] =

7

>l

2. Std[X] = 1 and
3. CV[X]=SCV[X] = L.

Proof. 1. With the definition of E[X] follows:

[ ( i) ejj:o_/oooA<—i> e‘AIdx:0+/Oooe—Axdx
- ()], o () -5

2. With the definition of E[X?] follows initially:

E[X] = /OO z - fa(z)dz = /000 Aze ™ dx
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E[X?] = / 22 fy(z)de = Aze M dy

—0o0 0

1 r=00 o0 1 o0
= [)\ZL’Q (—) e_M] - / 2 \z <—> e Mdr =0+ / 226 M dg
A =0 0 A 0
= |2z <—) e_M”] - / 2 <—> e Mdr =04 [(—) e_m}
[ A 0 0 A A A 20
2
X .



Using the shift theorem we get:

2 1\? 1
Var|[X] = E[X?] — (E[X])? = i <A> =32

And so, ultimately, the following applies to the standard deviation:
1
Std[X] = y/Var[X]| = 3

3. From 1 and 2 follows directly:

_ Std[X]
~ [E[X]]

CV|[X] =1.

Sl >

Furthermore, SCV[X] = (CV[X])? = 1.

3.1 Memorylessness of the exponential distribution

Theorem 4 (Memorylessness of the exponential distribution). If a time interval is exponentially
distributed and the event has not yet occurred at time s > 0, then the time distribution that the
event will occur within the next t > 0 time units (i.e. up to time s + t), is again exponentially
distributed with the same parameter A > 0, I. e. the following applies:

P(X <t+s|X>s)=PX <t), (3)
where P(X < a|X > b) is the conditional probability of the event "X < a" knowing in advance that
X >b.

Proof. Using the calculation rules for conditional probabilities, the following holds:

PX <tts|X>s = LUXStrsioiX=zsh)  Fl+s) = Fs)

P(X > 5) B 1— Fy(s)
1 — e Atts) _q + oS e _ o= Alt+s) \
o = = 1 — e_ t
1—(1—e?) e s

= R(t)=PX<t).

Consequence:

If the service time of a customer is exponentially distributed with parameter A\ > 0 and the customer is
already in the service process, then the remaining service time of the customer is again exponentially
distributed with the same parameter \. If the cumulative distribution function of the waiting time of
a newly arriving customer is to be determined, no distinction needs to be made between the remaining
service times of the customers currently being served and the service times of the other customers
waiting before the newly arrived customer.

Theorem 5. The exponential distribution F(x) is the only continuous probability distribution with
F(x) =0 for x <0 that has the property of memorylessness.

Proof. The proof consists of three steps:



Step 1: Functional equation describing the memorylessness

In order to present the proof as simply as possible, we first define the function G(t) := 1 — F(t),
which indicates the probability that the event has not yet occurred by time ¢t > 0. (This definition
comes from reliability theory, where G(t) is called the survival probability.) From equation (3), using
the calculation rules for conditional probabilities, we get:

F(t+s)— F(s)
1—F(s)

P(X <t+s|X >s)=P(X <t) = F(t)

1-G(t+s)—(1—-G(s))
G(s)
— —G(t+s)+G(s)=G(s) —G(s)G(t) <= G(s+1t)=G(s)G(t).

—1-G()

Therefore, we have to show that only the survival probability assuming an exponential distribution,
i.e., GA(t) = e~ satisfies the equation G(s +t) = G(s)G(t).

Step 2: Explicit representation for G(t)
From G(s +t) = G(s)G(t) follows for a € N and b € N:

o) - o(po) -0 (0) () e(0) ()
-

From 1 = ¢ follows G(1) = [G (%)]b respectively [G(l)}% =G (}). This leads to:

G(Z)::P?<i)]a:[GUﬂz.

This means that the relationship G(q) = [G(1)]¢ holds for all positive rational numbers ¢q. Due to the
fact that F' was assumed to be continuous and therefore G is also continuous, G(t) = [G(1)]* applies
for all real ¢ > 0. Furthermore, the following applies with the calculation rules for the exponential
and logarithms function:

G(t) = e1n(G(1)t) _ otn(G()

Choosing A := —In(G(1)) yields G(t) = e " and F(t) = 1 — e . It remains to be shown that
0 < A < oo respectively 0 < G(1) < 1 applies.

Step 3: Proof that 0 < G(1) < 1 holds
It was G(1) = 1 — F(1). This immediately implies that 0 < G(1) < 1. It remains to show that

0#G(1) #£1.

e If G(1) = 0, then G(z) = [G(1)]* = 0 = 0 would apply for all z > 0. This would mean
that F'(z) = 1 for all z > 0. However, since F' was assumed to be continuous and F'(0) =0
according to the assumption, this cannot be the case.

e If G(1) =1, then G(z) = [G(1)]" = 1* = 1 would hold for all z > 0. This would mean that
F(z) = 0 for all x > 0, which contradicts the fact that F'(x) is the cumulative distribution
function of a probability distribution and therefore lim, o, F'(x) = 1 must hold.



4 Convolution of probability distributions

If two processes that can be described by probability distributions are executed one after the other, we
say that the probability density functions of the two probability distributions are convolved with each
other. The result of the convolution is the probability density function of the probability distribution
that describes the overall process.

Definition 2 (Convolution). If f(x) and g(x) are probability density functions of two probability
distributions, the expression

fro) = [ 7 f(t)gx — 1) dt

is called the convolution of f and g.

[llustratively, the above formula integrates all conceivable cases in which the total time x can be
divided between the two subprocesses f and g.

Since convolution is defined by an integral over the product of two probability density functions, it
is the case that for all probability distributions where it is difficult to determine the integral of the
probability density functions — which applies to almost all continuous probability distributions except
the exponential distribution — it is very difficult or impossible to calculate explicitly. This is the reason
why the exponential distribution is always used for service times in the Erlang formulas.

5 Erlang distribution

As we will see next, the Erlang distribution describes a process consisting of the sequential execution
of n € N subprocesses, each of which has an exponential distribution with the same parameter A > 0.

In an M/M/1 system, the waiting time distribution of a newly arriving customer can be represented
by the service times of the customers waiting in front of him and the remaining service time of the
customer currently being served. However, due to the memorylessness of the exponential distribution
(see equation (3)), the remaining service time of the customer currently being served is distributed in
the same way as his total service time. This means that if there are &k > 0 customers already waiting in
the queue before the newly arriving customer and the service times are exponentially distributed with
parameter p > 0, then the waiting time of the new customer is Erlang distributed with parameters
and k£ + 1.

Definition 3 (Probability density function of the Erlang distribution). The function

PN i v >0
nlx) = (n—1)! ¢ ’ =,
fan®) { 0, 7 <0

with A > 0 and n € N is called the probability density function of the Erlang distribution.

Theorem 6 (Connection to the exponential distribution). The function fy ,(z), A > 0, n € N is the
n-fold convolution of f\(x).

Proof. The proof is carried out by induction. Obviously it is true that fy1(z) = Ae ** = f)(x). For
the convolution of two exponentially distributed time durations, the following applies:
x t=x
I i) = fax fa(x) = / e M. \e AMED) g — [)\Qe_mt} . = \ge M = Ira(x)
0 t=

for x > 0 and fy2(x) =0 else. Now we assume that

Hin(@) = fax--x fia(x)

n —times



for some n € N. Then holds:

fan* ira(z) = / A e M e ME) ¢ = A e / Dl
An BN (n=1)! ~ (n—1)! 0
)\n+1 N 1 t=x )\n—i—lxn N
— — AL 7tTL — — AT — n
(n— 1)!e [n ]t:o n! ¢ Pansa(2)
for > 0 and fyp41(x) =0 else. O

Theorem 7 (Cumulative distribution function of the Erlang distribution). The function

- —1 (Az)?
Fm(m):z{l_e x%:?:o L x>0,

z <0

is the cumulative distribution function of the Erlang distribution with probability density function
Ian(x), A>0,neN.
Proof. The proof is also carried out by induction. For n = 1 holds:

1-1

_ —A\x ()‘x)Z _
Fyi(z)=1-e ;Z,!_F,\(a:).
- 1

Since F)\(x) is the cumulative distribution function of the exponential distribution and f) 1(z) = fi(x)
held, the initial step of induction is thus proven. It is now assumed that it is already known that

n—2 i
Frnal) =1y 20

7!
i=0

firsome n € N, n > 2, for x > 0. Then holds:

T A= 1 _)\t
Fyxn(z) = /f)\n / n—l) dt

- )L L )

()\x)n ! 7)\30 _ ()\x)n—l —\z
(n — 1) ; f)wnfl(t) dt = (n — 1)'6 + F)\ynfl(t)
n—2 ; n—1 i
_ ()“T) —A\x —A\x ()\x)z _ —\x (Ax)l
= (n— ) ——=e¢ " +1-e Z q= 1—e Z A
1=0 =0
for > 0 and F) ,(z) = 0 else. O

Theorem 8. The function fy,(x), A >0, n € N, is the probability density function of a probability
distribution, i.e. fyn(x) > 0 and
/ fan(x)de =1

Proof. The proposition fy ,,(x) > 0 follows directly from the definition of fy ,(x). Using the series
representation of the exponential function, applying L'Hospital’s rule n times yields:

n—1 ; n—1 (\x)?
_ —sz (Az)' _ Zi:(] i1 T
=0 Zi:o il



Therefore, the following applies:

/ f,\n dt— hm F)\n( )—1.

< Ul

Theorem 9 (Indicators of the Erlang distribution). For an Erlang distribution with parameters A > 0
and n € N, the following applies:

1. E[X] =

>3

2. Std[X] = ¥ and

.

3. CV[X] = = and SCV[X] = ;

Proof. The Erlang distribution with parameters A > 0 and n € N represents the sequential execu-
tion of n independent exponential distributions with parameter X\. Due to the independence of the
individual subprocesses, not only the expected values can be added, but also the variances. For the
expected value of the Erlang distribution, this immediately follows

The following applies to the standard deviation:
1
Std[X] = \/Var[X] = /n - — = Y

This means that the following applies directly to the coefficient of variation:

Std[X] % 1
CVX|=—F—iF7 === —.
M= Tepg T e
Furthermore we have SCV[X] = (CV[X])* = 1 O

6 Birth-and-death processes

Markov processes in which only transitions to the next higher state or the next lower state are possible
(e. g., arrivals and departures of individual customers) are called birth-and-death processes. In a birth-
and-death processes only transitions to the next higher (a birth respectively an arrival) and to the
next lower state (a death respectively a departure) are possible, see figure 2.
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Figure 2: A birth-and-death process as a Markov chain



6.1 Arrival and service rate

For the state-dependent arrival rate at the system in a service process with K € N waiting and service
places, the following applies to state n € Ny:

A, n< K
Sys — ; 5
An {0, n=K, )

where X\ > 0 is the arrival rate according to the customers. If there are already n = K customers in
the system, no further customers can enter the system, i.e., in this case, A5V = 0.

The following applies to the state-dependent service rate for the entire system:

Sys,: np, 7’L§C,
no {cu, n>c, (5)

where 11 > 0 is the service rate of an individual operator.

6.2 Transient state probabilities

It is now assumed that the probability p,(¢) that a total of n € Ny customers are in the system at a
given point in time ¢ > 0 is known. On this basis, the probability that n € Ny customers are in the
system at a time ¢ + At will be determined. Here, At > 0 can be thought of as a small amount of
time that has elapsed since time ¢. In the case of n = 0, po(t + At) is composed of the probability
that there were already 0 people in the system at time ¢ and no customer arrived, and the probability
that there was one customer in the system at time ¢ and that this customer was served within the
time At. Furthermore, a customer could have arrived and already left the system again during the
time period At, etc. However, compared to the first two probabilities mentioned, the probabilities for
such combined events are negligible — mathematically speaking, they converge to 0 faster than At
for At — 0. This is expressed by the Landau symbol o(At). This results in n = 0:

po(t + At) = po(t)(1 — AAT®) + py () At + o(At) .
Forn=1,...,K — 1, there is also the possibility that state n was reached from state n — 1:
Pt + AL) = pa(t)(1 = ALY — AtpS¥) + po 1 (AN + poya (DAL + o(At) .
Finally, for n = K, the state can only be reached from the previous states n and n — 1:

pre(t + At) = pre(8) (1 — At + pre_1 () AINYS | + o(AL) .

6.3 Stationary state probabilities

Term transformation in the three equations above initially yields (forn = 1,..., K — 1 in the middle
equation):

po(t + At) — po(t) Sys sys | 0(At)

A7 po(t)Ag” +pr(ur + =1 (6)
pu(t + Al) — pu(t s s s s o( At
EHBDZPl0 — p (OF™ + 15+ pn OS5 + e (A + 227
pr(t+ At) — px(t S o( At
x( Ai k() = —PK(t)M%yS +PK—1(t)/\§g,1 + (At) .

If we now choose increasingly shorter time intervals for At, i.e., if we perform the limit transition
At — 0, we obtain the following for n = 0,..., K on the left-hand sides of the equations (6):
pn(t =+ At) - pn(t) /

Alirgo At = Pall)-




Furthermore, lima;_o O(AA:) = 0 applies according to the definition of o(At). Thus, for At — 0,
from (6):

S S
po(t) = —po(t)Ag” +pr(t)uy”
S S
Put) = —pa(E)NY" 4 157%) + P (D51 + Pao1 (DN (7)
S S
Prt) = —pr®pg” +pr_1(ONE .

Looking at a queueing system in steady state means looking at the system after a very long time, like
for t — oo. The steady state is characterized in a system that reaches it, i.e., in which p < 1, by
the fact that the state probabilities stabilize, i.e., p!,(t) — 0 applies for all n =0, ..., K for t — oc.
If we set p,(t) = 0 in (7), we obtain the following linear system of equations for the stationary, i.e.,
time-independent state probabilities p,, := limy_, oo Py (%):

Sys
)\O

p1 = S Do
/hys

- S

)\%ys M'rsbys An}isl

Pnt+1 = ~gy5Pn + Sys Pn ™ Tgys Pn—1 (8)
Fn1 | Fn1
S
ARt

Pk = Sys PK-1 -

%

Theorem 10. With the above notations, the following applies:

n )\Sys K n )\sys
D = Zs;ipo firn=1,...,.K and pg= [ZH Zs_yi—kl (9)
=1 n=1i=1 H
Proof. The proof for p,, n =1,..., K, is carried out by induction. The initial condition for induction

follows directly from the first equation in (8). Let us now assume that equation (9) holds for some
n € N. Then, from the second equation of (8), we obtain for n + 1:

Sys Sys )\Sys
n 2% n—1
Pn+1 = Sys Pn + Sys Pn — Sys Pn—-1
Mn+1 Hn+1 Iun+1
S n Sys S n Sys Sys n—1 | Sys
_ An” )‘i—l + Mnys )‘i—l . )\n—l )‘i—l
- Sys Sys Po Sys Sys Po Sys Sys Po
Hn41 =1 K4 nt+l i=1 M Hpt1 =1 M4
n+1 \Sys Sys \ Sys Sys 7 n—1 | Sys
i H Nty i B’ ApTy _ Anl1 H Aty
- Sys Po Sys = Sys Sys Sys Do -
i=1 Mg n+1Hn Hpy1] i=1 M4
=0
The queueing system is always be in one of the states 0,..., K, i.e., the sum of all probabilities is 1
(Zf:o pn = 1). Using the formula p,,, we obtain:
K n )\Sys
i1
Po + Z ISYS bo = L.
n=1i=1 M4
Solving this equation for py immediately yields the statement for py. O

6.4 Stationary state probabilities for the actual arrival and service rates

Previously, the formulas for the state probabilities used the arrival rate relative to the entire system
ASYS and the service rate of the entire system 15¥5. In the following, we will now use the arrival rates
of the individual customers A and the service rates of the individual operators y. The variables \5Y
and 1578 are defined differently for three ranges: forn =0, forn=1,...,cand forn =c+1,..., K.
For this reason, p,, is also calculated separately for these ranges in the following:

10



Calculation of p

If we substitute the state probabilities from (4) and (5) for pg in (9), we

K n )\Sys -1 K 1 -t
Po = Z zs;i +1 - Z AT min(n,c) . n +1
Lln=1i=1 M n=1 Hi:l o Hi:min(n,c)—i—l e
[ ¢ K -1 c K -1
AT AT AT AT
S S e at| Bl oo o =
| |. - | len—
= 1n! W pecl - (epun=¢) = prn! W urelen—e
With a := % the following applies:
-1
¢ n n
a a
bo = [Z n! + clgn—c¢ ]
n=1 n=c+1
By choosing
aTL
— firn<ec,
firc<n<K
clen—c¢
finally follows
K -1
bo = Z Cn
n=0

Calculation of p,, forn =1,... ¢

If we substitute the state probabilities from (4) and (5) for p, in (9), we obtain the following with
the definition of C), in (10) forn =1, ...c:

n Sys n

)‘ifl A a™
Pn = ‘po=|]-— "pPo=—po=Cupo -
L=l =g =

Calculation of p,, forn=c+1,.... K

If we substitute the state probabilities from (4) and (5) for p,, in (9), we obtain the following with
the definition of C), in (10) firn=c+1,..., K:

n Sys c n
Vo A A a”
Pn = lSyS'POZHn*' o, Po= e po=Chpo.
i=1 M P :

The above considerations for p,, can be summarized in the following theorem:

Theorem 11. With the choice of C,, according to (10), the following applies to the state probabilities
Dr in a birth and death process with arrival and service rates according to (4) and (5):

-1

K
P = Z;C’i firn =20, (1)
Chpo fiirn>0.

11



7 The Erlang C formula

With the choice of K := 0o, the following initially applies to C), (see formula (10)):

an
— firn <c,
C, = n!a”
firn>c.
clgn—c¢

The probability that there are no customers in the system, py, is calculated in this case by

oo
L=po+ Y Cupo=po

<1+ion>

n=1 n=1
to:
i 0 -1 c—1 an 00 an -1 c—1 a” a® & an -1
p0:1+zaz2225+2w%0::Zg+525
L n=1 n=0 n=c n=0 " n=0
- -1 -1
-1 -1
CE:a”+ac 1 ] [C a”+ a-c ]
= |\t T tae—a
et 18 = n! cl(c—a)

In the calculation

n=0

In the penultimate calculation step, the geometric series was used and the assumption was made that
in the case of a queueing model without cancelations, A < cyu must apply, i.e., ¢ < 1 must be true,
which is necessary for the convergence of the series.

On this basis, the waiting time distribution P(W < ¢) can now be determined for an Erlang C model:

P(W < t)

Using the definition

c—1 00

Z CnpO + Z Fcu,n—c+1(t)cnp0

n=0 n=c

c—1 o) t

> e+ [

n=0 n=c”0

c—1 t o0 n—c+1,.n—c
cp x

> G+ [ S

n=0 0 p=c :

c n—c+1,.n—c
—( m(n — C)x' e” M dxChLpo

e” M dxChLpo

a‘ep [ N (pwa)"

= S Camnt [eey Mg
=0 C! 0 =0 n:
c—1 acc,u t

= ZCnpo + po a / e T . U dy
n=0 ’ 0
c—1 c =t

ac 1 (e

_ chp0+p0 C':U |:_ (C_a> e (c a)#a:j|

n=0 ’ ® z=0

aC

c—1
7;) Chnpo — P e —a) _C ) <e_(c_“)“t - 1)

C

_ ~(e—aypt
! poc!(c—a)e '
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a‘c '(acc )
Py :=po = — (12)
C!(C - CL) Z’f’l, 0 C:'L' + c! (c a)

this ultimately yields the usual Erlang C formula:

P(W <t)=1— P (c-nt

7.1 Characteristics

In the case of an M/M/c system, the other characteristics can be derived directly from the already
determined values p,, and C,,:

o Average queue length:
Using the definition of P; from (12), the following initially applies for n > ¢:

n

a _
Pn = Cnpo = w0 = Pip™ (1 = p).

This immediately gives us the average queue length with the definition of the expected value:

ENg] = Y (m—cpn=Pi(1-p) > (n—c)p"*
n=c+l1 n—c+1

= an =P (1-p an =P(1-p an -1,

Since f'(p) = np™ ! holds for f(p) := p™, the following also applies:
E[Ngl =Pi(1-p)p Y _[p"

Due to the absolute convergence of the series caused by the fact that p < 1, limit process
and differentiation can be interchanged. Applying the geometric series (> 00 a” = 1 for
la] < 1), the following applies:

/

B ) o N S L e )
E[Ng] = Pi(1-p)p nz::lp Pyi(1 p)p[l_p} Pi(1 p)p(l—p)2
= Pl p —Pl ¢
1—-p c—a

e Average number of customers in the system:
The average number of customers in the system is calculated as the sum of the average queue
length E[Ng] and the average number of customers being served a:

EN| =P +a.
cC—a

The fact that the workload a corresponds precisely to the average number of customers being
served is a consequence of Little's law.

o Average waiting time:
Using Little's law, the mean waiting time can be directly calculated from E[Ng]:

1 1
E[W] = {E[Ng] = Piy —— =P
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e Average residence time:

The average residence time is composed of the average waiting time E[W] and the average
service time E[S] = i:

1 1
EV]|=P —.
V] i
In summary:
a
E[Ng] = P
[Ng] L7
E[N] = P +a,
c—a
1
EW] = P
Wi Yo =X
1 1
ElV] = P —.
V] AT
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